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SUMMARY 
 
We study the direct and inverse scattering problems when the incident 
electromagnetic field is a time harmonic point- generated wave in a chiral medium 
and the scatterer is a perfectly conducting sphere. The exact Green’s function and the 
electric far-field patterns of the scattering problem are constructed. For a small sphere, 
a closed-form approximation of the scattered wave field at the source of the incident 
spherical wave is obtained. These near-field results lead to the solution of an inverse 
problem. We also treat the same inverse problem using far-field results via the leading 
order term in the low-frequency asymptotic expansion of the scattering cross-section.  
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1. INTRODUCTION 
 
    In a homogeneous isotropic chiral media the electromagnetic fields are 
composed of left – circularly polarized (LCP) and right – circularly polarized (RCP) 
components, which have different wave numbers and independent directions of 
propagation.  
    The LCP and RCP components are assumed to be spherical Beltrami fields, 
[15], [16],[17], in practice, such wave fields are more readily realized. 
   The present authors have studied electromagnetic waves in chiral media generated 
by a point source in the vicinity of the scatterer. In particular, in [1], reciprocity, 
optical and general scattering theorems for point-source excitation in chiral media has 
been proved. In this article, we study two kinds of inverse problem. One involves far-
field measurements,[3], and the other involves near-field measurements. Specifically, 
in the first case we measure the scattering cross-section for five point-source 
locations, while in the second case we measure the scattered field at the location of 
the point source. 
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Near-field inverse scattering, in which the incident field is generated by a 
point source, has been studied in [4] for acoustic and [5] for electromagnetic waves in 
an achiral environment, while results for far-field data can be found in, [5], [7], [10] 
and [11]. 
    In Section 2, considering Bohren decomposition into suitable Beltrami fields, 
we formulate the direct scattering problem of a spherical electromagnetic wave by a 
perfectly conducting obstacle. This problem is well posed the existence and 
uniqueness has been proved in [6].  
    In Section 3, after expanding the incident field in terms of spherical wave 
functions, we obtain the exact solution of the scattering problem as well as an 
expansion for the electric far-field pattern. 
    In Section 4, we consider either LCP or RCP incidence and we obtain an 
approximation of the scattering cross-section. For the far-field experiments, we 
measure the scattering cross-section for various point-source locations. 
    Finally in Section 5, using near-field experiments, in which the scattered field 
is measured at the source, we solve the corresponding inverse scattering problem.  
    
        
2. STATEMENT OF THE PROBLEM 
 
    Our goal is to study the direct and inverse scattering problems when the 
incident electromagnetic field is a time harmonic point – generated wave in a chiral 
medium and the scatterer is a perfectly conducting sphere of radius a  centered at the 
origin. The exterior space  r a r  is an infinite homogeneous isotropic chiral 
medium with chirality measure , electric permittivity  and magnetic permeability . 
    We consider a time harmonic spherical electromagnetic wave due to a point 
source at 0P  with position vector 0r  with respect to an origin O in the vicinity of the 
scatterer. In order to define spherical electromagnetic fields   
0 0
,r rE  , we make use of 
the Bohren decomposition into Beltrami fields 
0,L r
Q  and
0,R r
Q , as follows 
 
0 0 0, ,
,L R r r rE Q Q  0 0 0, ,
1
,L Ri
 r r r Q Q                            (2.1) 
where 
1 2

	

   
 
 is the intrinsic impedance of the chiral medium. The Beltrami fields 
satisfy the equations 
0 0, ,
,L L L  r rQ Q 0 0, , ,R R L   r rQ Q                           (2.2) 
where L and R  are wave numbers given by  
, ,
1 1L R
k k
k k
 
 
 
 
                                   (2.3) 
with  1 2  	 ,   being the angular frequency. The in deices L and R denote the 
LCP and RCP fields respectively. The spherical incident Beltrami fields with suitable 
normalization have the form, [1] 
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where  10 0( ) ( )ixh x h x e ix  is the zeroth-order spherical Hankel function of first 
kind, ˆ ˆˆ ˆ ˆ ˆI xx + + zz is the identity dyadic and 0 0r  r  and  0fsG r,r  is the free 
space dyadic Green function , p.42 , [15] The constant unit vectors ˆ Lp and ˆ Rp  satisfy 
the relations 
0 0 0 0ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ0 , , , .L R L L R Ri i        r p r p r p p r p p                  (2.6) 
We note that when 0r  , the incident electric field 
     
0 0 0, ,
ˆ ˆ ˆ ˆ| , | | ,inc inc incL R L L R R r r rE r p p Q r p Q r p                            (2.7) 
reduces to plane electric wave with direction of propagation 0ˆr and polarizations 
ˆ Lp , ˆ Rp , since  
   0
0
0
ˆ
, 0ˆ ˆ ˆ ˆlim | ; , ,Liinc incL L L L L
r
e
 

  r rrQ r p p Q r r p                               (2.8) 
   0
0
0
ˆ
, 0ˆ ˆ ˆ ˆlim | ; , ,Riinc incR R R R R
r
e
 

  r rrQ r p p Q r r p                               (2.9) 
We consider 
0
inc
rE  is incident upon a perfectly conducting sphere of radius a. Then, we 
want to calculate the scattered electric field 
0
sc
rE  which is the unique solution, [6], of 
the following exterior boundary value problem 
     
0 0 0
2 22 ,sc sc sc         r r rE r  r  r 0 r a                    (2.10) 
   
0 0
ˆ ˆ ,
sc inc   r rn E r n E r r a                                    (2.11) 
     
0 0 0
2
2 1
ˆ ˆ , .
sc sc sci o r
k r

 
        
 
r r rr E r r  r  r             (2.12) 
The radiation condition (2.12) is valued uniformly in all directions 2ˆ S r , where 2S is 
the unit sphere in 3 , nˆ  is the outward normal unit vector on the scatterer and 
2
L R   . The scattered electric field will be depended on the polarizations ˆ Lp and 
ˆ Rp and will have the decomposition  
     
0 0 0, ,
ˆ ˆ ˆ ˆ ˆ ˆ, , , ,
sc sc sc
L R L L R R L Rr r rE r p p = Q r p p + Q r p p                       (2.13) 
where  
0,
ˆ ˆ,
sc
L L RrQ r p p and  0, ˆ ˆ,scR L RrQ r p p  are the corresponding scattered Beltrami 
fields which have the following behavior, when r   
 
     
0 0, 0 , 2
1
ˆ ˆ ˆ ˆ ˆ, , , ,
sc
L L R L L L Rh r O r
r
 
    
 
r rQ r p p g r p p                  (2.14) 
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     
0 0, 0 , 2
1
ˆ ˆ ˆ ˆ ˆ, , , ,
sc
R L R R R L Rh r O r
r
 
    
 
r rQ r p p g r p p                  (2.15) 
 
The functions 
0,L r
g and 
0,R r
g  are the LCP and RCP far – field patterns 
respectively, [1] 
    If either a LCP or a RCP spherical electric wave  
0
ˆ
inc
ArE r p , ,A L R , is 
incident upon the scatterer, then the scattering cross – section, is given by [3], 
 
    
0 0 0
2
2 2
, , ,2 2
1 1
ˆ ˆ ˆ ˆ ˆ( ).scA L A R A
L RS
ds!
 
 
  
 
"r r rg r p g r p r                        (2.16) 
 
 
3.  EXACT GREEN’S FUNCTION 
 
    We take spherical polar coordinates  , ,r # $ where [0, ]#   and [0, 2 ]$  , 
with the origin at the centre of the spherical scatterer, so that the point source is at 
0 , 0r r #  . Thus, 0 0 ˆrr z ,  
1
ˆ ˆˆ
2L
i p x   and  1ˆ ˆˆ
2R
i p x  , where ˆˆ,x   
and zˆ  are unit vectors in the ,x %  and z  directions, respectively. Using spherical 
vector wave functions (see 13.3.68 – 13.3.70 of [19], [21] and p.49-52 of [15] ) and 
taking into account (2.4), (2.5),  we obtain  
 
      &'0 1 11 1
1
ˆ ( ) ( ) ,inc LL L n o n L e n L
n
B i 


 (,rQ r p L r L r                          (3.1) 
or 
      &'0 1 11 1
1
ˆ ( ) ( ) ,inc RR R n o n R e n R
n
B i 


 (,rQ r p R r R r                           (3.2) 
where 
 
 
 0
0 0
1 2 1
( 1)2 2
A
n n A
A
nB H r
n nh r





 and         0 0 0 ,n A n A n AH r h r ih r         (3.3) 
 
 with ,A L R ,for 0r r) .The nh is a spherical Hankel function of first order, 
1( ) ( ) ( )n nh x x h x h x *  , and ( )1s n+L and ( )1s n+R ,with ,s o e  , are the spherical functions , 
[15],  
   ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1( ) ( ) , ( ) ( ) ,s n L s n L s n L s n R s n R s n R+ + + + + +        L r M r N r R r M r N r      (3.4) 
where 1,3+  , the ( )1s n
+M  and ( )1s n+N  are known spherical vector function,[19].The 
scattered electric field that comes from a LCP incident field or a RCP incident field 
has a similar expansion to (3.1) or to (3.2) 
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Using the boundary condition (2.11) on r a , we obtain  
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Using the asymptotic forms, [15],  
 
     31 1 0ˆ( ) ( 1)( ) ,n Ls n L s n Ln n i h r  L r f r                      (3.11) 
 
     31 1 0ˆ( ) ( 1)( ) ,n Rs n R s n Rn n i h r  R r f r                      (3.12) 
 
where let us  introduce  LCP Beltrami angular  1 ˆLs nf r  , and RCP Beltrami angular  
 1 ˆRs nf r , [15], satisfy by relations 
   1 1 1ˆ ˆ ˆ( ) ,Ls n s n s ni f r C r B r    1 1 1ˆ ˆ ˆ( ) ,Rs n s n s ni f r C r B r    
           (3.13)                               
we calculate the electric far-field patterns: 
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with , .A L R  
 
4. A FAR- FIELD INVERSE PROBLEM 
 
So far, all of our formulas are exact. In the asymptotic results to follow, there are 
three parameters Aa , with ,A L R and 0a r,  . We note that the geometrical 
parameter , must satisfy 0 1,) )  because the point source is outside of the sphere.  
We assume that 1Aa  , as well; that is we make the so-called low-frequency 
assumption.   From (3.7), (3.8), (3.10), (3.11), we obtain 
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as    0Aa   . In order to calculate 0, , ,
sc
A A L Rrg with an error of   4AO a  we 
only need the following, [19] 
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So from (3.14) and (3.15), we finally obtain 
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Now for the scattering cross – section, by LCP or RCP spherical Beltrami fields, that 
is given by the forma (2.16), given by the relations  
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k
a k O a

!  ,  , ,
 , 
 
 ,   , ,
 

  , 
 . 
   0  
1  
3
   4 
 5
. 
  /
    0   /1  
3
 /
   4 
/ 5
r
             (4.16) 
 
In the special case 0r    0,   , by the relations (4.15), (4.16) we obtain 
     
 
    
2 4
4 62
2
1 3 1
, 0,
3 1 L L L
k k
a a O a a
k
 
!    

. 3 / /
   0 4
/ /1 5
      (4.17) 
or 
 
     
 
    
2 4
4 62
2
1 3 1
, 0,
3 1 R R R
k k
a a O a a
k
 
!    

. 3 / /
   0 4
/ /1 5
       (4.18) 
 
likewise in the case 0La   and 0Ra   , by the relations (4.15), (4.16) we obtain 
 
   0
42
, 0
1
,
4
sc
A Af k a a r!  r ,                                 (4.19) 
where ,A L R , with  
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     
 
2 4
2
1 3 1
, ,
3 1
A A
A
A
k kf k
k
2  2 

2 
 
 

,A L R .              (4.20) 
Choose a Cartesian coordinate system Ox z% , and five point-source locations, 
namely      (0,0,0), ,0,0 , 0, ,0 , 0,0,l l l and  0,0,2l , which are at (unknown) 
distances 0 1 2 3, , ,r r r r  and 4r ,respectively, from the sphere’s centre. The parameter l  is 
a chosen fixed length. For each location, measure the leading- order term in the low-
frequency expansion of the scattering cross-section. Thus, our five measurements are 
 
4
21
, , 0,1,2,3, 4
4j A j
a
m f k a j
r
 

 
   
 
,                           (4.21) 
Dimensionless quantities related to jm  are 
 
2
12
,
j
j
Aj
rl l
f k a am  

 
   
 
 , where  0,1,2,3, 4j   ,                 (4.22) 
equivalently, we obtain 
 
3
2 1
,
2j A j
a
r f k
l
   , where  0,1,2,3, 4j   ,                         (4.23)                  
There are six unknowns namely 0 1 2 3 4, , , ,r r r r r  and a . Furthermore, 0 3,r r  and 4r  
are related using the cosine rule, 2 2 2 24 0 32 2r r r l   . So, we can find the six 
unknowns. The centre of the spherical scatterer is obtained from the intersection of 
the four spheres centers at (0,0,0), ( ,0,0), (0, ,0)l l and (0,0, )l , with corresponding 
radius 0 1 2 3, , ,r r r r  respectively. 
 
 
5. A NEAR – FIELD INVERSE PROBLEMS 
 
The scattered field at the source point is given by setting 0r r  in (3.5) or 
(3.6) and using the relations, [19], (p. 1887), we obtain 
 
 
 
     
  
 
0
2 1 2 2 1
0 2
1 10
2 1 2 1 2 1
1 1 10 0
2 1
10 0
1 1 1
ˆ
24 2
2 1(1 ) 2 1 2 1
2
1
ˆ2 1 ,
sc n n
L
n nL
n n n
n n nL R
n
L
nL R
k
n
r
nk i i
n n
n r r
n n
r r

, ,


, , ,
 
,
 
 
 
 
  
  
  



. 
 /
   0  /  1


     

3/
  4/5
( (
( ( (
(
rE r p
p
       (5.1) 
 
as 0La   and 0Ra   for fixed 0/a r,  . Summing the infinite series (recall that 
0 1,6 ) ), we obtain 
 
   0
5
0 2 32
(1 )
ˆ ˆ ,
2 1
sc
L L
L
k
a
 ,
 ,



rE r p p                          (5.2) 
Finally, for 0Aa  we can obtain 
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   
   0
5
, 0 2 32
1
ˆ , 0, , ,
2 1
Asc
A A A
A
k
a A L R
a
2  ,

 ,

 

rE r p                        (5.3) 
 
This gives the electric of the scattered field at the source, for a sphere that is 
small compared to a wavelength.  Let us now formulate a simple inverse problem. 
Thus, we consider measurements of the scattered field at the same five source points 
as in Section 4. We set 
 
 
   ,
2
ˆ ,
1 j
L R sc
j A j A
A
l
M
k
 
2 

 r
E r p                                  (5.4) 
 
j
j
r
l
+    ,
ab
l
                                          (5.5) 
then we obtain 
 
5
32 4
,
j
j
j
b
M
b
+
+


                                             (5.6) 
 
where   0,1,2,3, 4j  .Thus, as before, we have five measurements with six 
 0 1 2 3 4, , , , and b+ + + + +  unknowns, and the cosine-rule constraint, 
4 3 02 2+ + +   .We also have 
2 0j b+    and j jr l+ .We can write (5.6) as 
 
6 4 4 2 8 12 53 3 0,jj j j
j
b b b b
M
+
+ + +                                      (5.7)                
 
	
 0,1,2,3, 4j  , which is a cubic equation for j+  if a is known. If a is not known, 
one has to solve the six algebraic equations, for the six unknowns. Analytical progress 
is possible if a is known to be small, so that a l . Then, one can approximate (5.6) 
by  
5
5j
j
bM
+
  with  0,1,2,3,4.j                                          (5.8)              
It follows that a can then be obtained from (5.8). Here, we have discussed a simple but 
genuinely near-field inverse problem. This is perhaps a more natural and realizable 
experiment. It is similar to, but more complicated than, the analogous acoustic 
problem analyzed in [4]. 
 
   
6.  APPENDIX 
SPHERICAL VECTOR WAVE FUNCTIONS 
 
   In this appendix we include for convenience the definitions of the spherical vector 
wave functions used in the paper. Solutions to the vector wave (Helmholtz) equations 
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  2 0,k     E(r) E(r)                                       (6.1) 
are constructed using radial amplitudes and three vector spherical harmonics 
[11],[17],[19],[20]. The vector spherical harmonics may be expressed in terms of the 
scalar spherical harmonics, 
 
   1 1ˆ, , ,s n s nY# $ # $P r                                             (6.2) 
   ' &1 21 1, ( 1) , ,s n s nr n n Y# $ # $  B                                  (6.3) 
   ' &1 21 1, ( 1) , ,s n s nn n Y# $ # $     C r                              (6.4) 
 
where s e  or o  ( even or odd). Here, the spherical harmonics are defined by 
 
   11 , cos cose n nY P# $ # $   and    11 , cos sin ,o n nY P# $ # $                   (6.5) 
 
with orthogonality relation 
 
   
2
0 0
4
sin , , ( 1) ,
2 1
m m m
n n mm nnd d Y Y
n
  
# # $ # $ # $ 7 7** * *  " "                      (6.6) 
 
where      1/ 21 21 ,n nP P  *  an associated Legendre is function and  nP   is a 
Legendre polynomial. The first few orders of associated Legendre functions are as 
follows: 
For 0n  and 1n  , we have 
0
0 (cos ) 1,P #                                                      (6.7) 
 11
1
cos sin
2
P # #  ,  01 cosP cos# # ,                               (6.8) 
 11 cos sin ,P # #   11 cos sin .P # #                                 (6.9) 
 
   So, for 1,2,n   , we have the spherical vector wave functions of the first kind  
 
   
(1)
1 1
1
( ) ( ) ,
( 1) , ,
s n n s n
s n n
curl j kr Y
n n j kr
# $
# $
   
 
M r r
C
                              (6.10) 
       
    
1(1) (1)
1 1 1
1
1
1 ( 1) ,
( 1) , .
s n s n s n n
s n n
curl n n kr rj kr
k
n n kr j kr
# $
# $


*  
 
N r M B
P
           (6.11) 
The corresponding spherical vector wave function of the third, (3)1s nM  and
(3)
1s nN , are 
obtained by using the spherical Hankel functions  nh kr instead of ( )nj kr  in the 
above definitions. 
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